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A B S T R A C T

Max-Plus Algebra is the newly emerged mathematical object as one of the algebraic structures. Max Plus
Algebra is a semi-ring with the maximum operation as its addition and the plus operation as its multiplication.
In 2012, Carl et.al. established a novel notion about metric in max-plus geometry which is the semi-module
over the semi-ring with maximum and addition biner operations. The writer researched to discover the distance
function or metric, especially for the extended real-valued metric of Max-Plus Algebra and its properties with
maximum and addition biner operations. By using both direct and indirect proof methods, the distance function
of Max Plus Algebra and its topological properties were obtained.
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1. Introduction

Max-Plus Algebra is a field of mathematics that introduces a distinct and innovative algebraic
structure, differing from the conventional frameworks of classical algebra. It utilizes the operations
of taking the maximum and addition, rather than traditional addition and multiplication, making it
particularly useful for solving problems like optimization, operations research, and dynamic systems.
The max-plus algebra set is R𝜀 =: R ∪ {𝜀} where 𝜀 = −∞. Max-plus algebra is a semi-ring with the
max operation of 𝜂 ⊕ 𝜁 = max(𝜂, 𝜁) and the plus operation of 𝜂 ⊗ 𝜁 = 𝜂 + 𝜁 for all 𝜂, 𝜁 ∈ R𝜀. Below
are the properties of max-plus algebra as a semi-ring under max and operation. That is ∀𝜂, 𝜁 , 𝑧 ∈ R𝜀

holds:

1. 𝜂 ⊕ 𝜁 ∈ R𝜀

2. 𝜂 ⊕ 𝜁 = 𝜂 ⊕ 𝜁

3. ∃𝜀 = −∞ ∈ R𝜀 ∋ 𝜂 ⊕ 𝜀 = 𝜀 ⊕ 𝜂 = 𝜂

4. 𝜂 ⊕ (𝜁 ⊕ 𝜃) = (𝜂 ⊕ 𝜁) ⊕ 𝜃

5. 𝜂 ⊗ 𝜁 ∈ R𝜀

6. 𝜂 ⊗ 𝜁 = 𝜁 ⊗ 𝜂

https://issn.brin.go.id/terbit/detail/1515123376
https://issn.brin.go.id/terbit/detail/1515123595
https://eigen.unram.ac.id/index.php/eigen
mailto:qurratulaini.aini@unram.ac.id
https://doi.org/10.29303/emj.v8i1.254
https://creativecommons.org/licenses/by-nc-sa/4.0/


8 Eigen Mathematics Journal Vol 8 No 1 (June 2025)

7. 𝜂 ⊗ 𝜀 = 𝜀

8. ∃0 ∈ R𝜀 ∋ 𝜂 ⊗ 0 = 0 ⊗ 𝜂 = 𝜂

9. 𝜂 ⊗ (𝜁 ⊗ 𝜃) = (𝜂 ⊗ 𝜁) ⊗ 𝜃

10. 𝜂 ⊗ (𝜁 ⊕ 𝜃) = (𝜂 ⊗ 𝜁) ⊕ (𝜂 ⊗ 𝜃)
11. (𝜁 ⊕ 𝜃) ⊗ 𝜂 = (𝜁 ⊗ 𝜂) ⊕ (𝜃 ⊗ 𝜂).

Max-plus also has an element order such that, for every 𝜂, 𝜁 ∈ R𝜀, 𝜂 ⪰ 𝜁 ⇐⇒ 𝜂 ⊕ 𝜁 = 𝜂. It’s easy to
see that 𝜂 ⪰ 𝜁 ⇐⇒ 𝜂 ≥ 𝜁 [1].

Max-plus algebra is widely applied in computing, optimization, simulation, mathematical mod-
elling, and other fields. It is often said to be the linear algebra of discrete mathematics [2, 3]. Max
plus is also used in creating discrete mathematical system models and their control analysis [4].

Sometimes, errors in models or optimizations using max-plus algebra are still difficult to do. Unlike
real numbers where we can see the error using absolute values, the max-plus algebra does not have its
absolute value. Absolute value is a metric. So it is necessary to define a metric in max-plus algebra.

Distance is a quantity that we usually encounter in our daily lives. Distance between cars, distance
between houses, time distance, distance between two points, distance between two objects, and so on.
The most fundamental object of mathematics is sets. The set itself consists of an empty set and a
non-empty set. If we have a non-empty set with more than 1 member, then we can define the distance
between two members of the set. In mathematics, the distance is called a metric [5].

Metrics are widely used to analyze the existence of fixed points [6] on a mapping such as contraction
mapping, and so on [7, 8]. In addition, it is also used to define convergent sequences, limits, derivatives,
and even integrals. If we have a function in the max-plus algebra, we need a metric to define the limit
of a function, the derivative of a function, and even the integral of a function. We need to use a metric
to know whether the function is continuous. In 2014, Carl et.al.[9] established a novel notion about
metric in max-plus geometry which is the semi-module over semi-ring with maximum and addition
biner operations. Therefore, the author researched to find the distance or metric function of the max-
plus algebra and its properties. Since max-plus algebra has a negative infinity as an element of the
set, instead of using the ordinary metric, we will to use the extended real-valued metric in this article.

2. Metric

The metric or distance that is popular is the absolute value of 𝜂 − 𝜁 whenever 𝜂, 𝜁 ∈ R. The
properties of absolute value are ∀𝜂, 𝜁 , 𝜃 ∈ R then :

1. |𝜂 − 𝜁 | ≥ 0 (non-negativity)
2. |𝜂 − 𝜁 | = 0 ⇐⇒ 𝜂 = 𝜁

3. |𝜂 − 𝜁 | = |𝜁 − 𝜂 | (symmetry)
4. |𝜂 − 𝜁 | ≤ |𝜂 − 𝜃 | + |𝜃 − 𝜁 | (triangle inequality).

Those properties would be generated to be the definition of metric for any non-empty set.

Definition 2.1. [10] Given a non-empty set 𝑋, a map 𝑑 : 𝑋 × 𝑋 → R is said to be a metric of 𝑋 if
and only if ∀𝜂, 𝜁 , 𝜃 ∈ 𝑋 holds:

1. 𝑑 (𝜂, 𝜁) ≥ 0
2. 𝑑 (𝜂, 𝜁) = 0 ⇐⇒ 𝜂 = 𝜁

3. 𝑑 (𝜂, 𝜁) = 𝑑 (𝜂, 𝜁)
4. 𝑑 (𝜂, 𝜁) ≤ 𝑑 (𝜂, 𝜃) + 𝑑 (𝜃, 𝜁).



Lalu Riski Wirendra Putra, et al 9

Then, (𝑋, 𝑑) is called metric space. But, unlike the ordinary metric, there is an extended real-
valued metric which uses the extended real number set (R̄ = R ∪ {∞}) as the map of the metric.

Definition 2.2. A map 𝑑 : 𝑋 × 𝑋 → R̄ is called the extended real-valued metric of 𝑋 if 𝑑 statisfied
the metric properties.

From Definition 2.2 we can construct the extended real-valued metric of max-plus algebra and
from now we call it extended metric of max-plus algebra.

Theorem 2.3. A map 𝑑 : R𝜀 × R𝜀 → R̄ with

𝑑 (𝜂, 𝜁) =

(𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁) , if 𝜂, 𝜁 ∈ R𝜀\{𝜀}
0 , if 𝜂 = 𝜁 = 𝜀

∞ , if 𝜂 = 𝜀 or 𝜁 = 𝜀

, (1)

where R̄ = R𝜀 ∪ {∞} defined the extended metric of max-plus algebra.

Proof. It’s obviously true for 𝜂 = 𝜀 or 𝜁 = 𝜀. Therefore, take any 𝜂, 𝜁 , 𝜃 ∈ R𝜀\{𝜀}. First, we will show
that 𝑑 (𝜂, 𝜁) is non-negative.

Case 1.

If 𝜂 ⪰ 𝜁 then 𝜂 ⊗ −𝜁 ⪰ 0 ⇐⇒ 𝜂 ⊗ −𝜁 ⪰ 0 and 0 ⪰ −𝜂 ⊗ 𝜁 ⇐⇒ −𝜂 ⊗ 𝜁 ≤ 0. So that
(𝜂 ⊗ −𝜁) ≥ (−𝜂 ⊗ 𝜁), implies

𝑑 (𝜂, 𝜁) =(𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁)
=𝜂 ⊗ −𝜁
≥0.

Case 2.

If 𝜁 ⪰ 𝜂 then 0 ⪰ 𝜂 ⊗ −𝜁 ⇐⇒ 𝜂 ⊗ −𝜁 ≤ 0 and −𝜂 ⊗ 𝜁 ⪰ 0 ⇐⇒ −𝜂 ⊗ 𝜁 ≥ 0. So that,
(𝜂 ⊗ −𝜁) ≤ (−𝜂 ⊗ 𝜁), implies

𝑑 (𝜂, 𝜁) =(𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁)
= − 𝜂 ⊗ 𝜁

≥0.

Hence, 𝑑 (𝜂, 𝜁),∀𝜂, 𝜁 ∈ R𝜀 is non-negative.
Second, we want to prove that 𝑑 (𝜂, 𝜁) = 0 ⇐⇒ 𝜂 = 𝜁 . 𝑑 (𝜂, 𝜁) = 0 ⇐⇒ (𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁) =

0 ⇐⇒ 𝜂 ⊗ −𝜁 = 0 ⇐⇒ 0 ⪰ −𝜂 ⊗ 𝜁 or −𝜂 ⊗ 𝜁 = 0 ⊗ 0 ⪰ 𝜂 ⊗ −𝜁 . If 0 ⪰ 𝜂 ⊗ −𝜁 , so we have
𝜂 ⊗ −𝜁 = 0 ⇐⇒ 𝜂 + (−𝜁) = 0 ⇐⇒ 𝜂 = 𝜁 . In the same way, we have 0 ⪰ 𝜂 ⊗ −𝜁 ⇐⇒ 𝜂 = 𝜁 .

Third, we want to prove that 𝑑 is symmetry.

𝑑 (𝜂, 𝜁) =(𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁)
=(−𝜂 ⊗ 𝜁) ⊕ (𝜂 ⊗ −𝜁)
=(𝜁 ⊗ −𝜂) ⊕ (−𝜁 ⊗ 𝜂)
=𝑑 (𝜂, 𝜁).
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Hence, 𝑑 is symmetry.
Last, we want to prove that 𝑑 (𝜂, 𝜁) ≤ 𝑑 (𝜂, 𝜃) + 𝑑 (𝜃, 𝜁).

𝑑 (𝜂, 𝜃) + 𝑑 (𝜃, 𝜁) =((𝜂 ⊗ −𝜃) ⊕ (−𝜂 ⊗ 𝜃)) ⊗ ((𝜃 ⊗ −𝜁) ⊕ (−𝜃 ⊗ 𝜁))
=((𝜂 ⊗ −𝜃) ⊗ (𝜃 ⊗ −𝜁)) ⊕ ((𝜂 ⊗ −𝜃) ⊗ (−𝜃 ⊗ 𝜁)) ⊕ ((−𝜂 ⊗ 𝜃) ⊗ (𝜃 ⊗ −𝜁))
⊕ ((−𝜂 ⊗ 𝜃) ⊗ (−𝜃 ⊗ 𝜁))

=((𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁)) ⊕ ((𝜂 ⊗ 𝜁 ⊗ −𝜃 ⊗ −𝜃) ⊕ (−𝜂 ⊗ −𝜁 ⊗ 𝜃 ⊗ 𝜃))
≥(𝜂 ⊗ −𝜁) ⊕ (−𝜂 ⊗ 𝜁)
=𝑑 (𝜂, 𝜁).

□

Now, we define a neighbourhood of 𝑐 ∈ R𝜀. The neighbourhood of a point 𝑐 are points whose
distance to 𝑐 is less than something that limits it.

Definition 2.4. Let 𝛿 > 0 is a real number and 𝑑 is an extended metric of R𝜀. A neighbourhood of
the point 𝑐 ∈ R𝜀 is define by

𝑃𝛿 (𝑐) = {𝜂 ∈ R𝜀 |𝑑 (𝜂, 𝑐) < 𝛿}. (2)

Let 𝐴 be a nonempty set that contains 𝑐. If we take any neighbourhood of the point 𝑐 on A, if it
still contains some of the elements of A that are not 𝑐, we say 𝑐 as a limit point in A.

Definition 2.5. A point 𝑐 belongs to R𝜀 is a called limit point of 𝐴 ⊆ R𝜀 if for all positive 𝛿 implies

𝑃𝛿 (𝑐) ∩ 𝐴\{𝑐} ≠ ∅.

Figure 1. Limit point of 𝐴.

3. Sequence on Max-Plus Algebra

In real numbers, we know whether a sequence of real numbers is convergence or not. Here, we
introduce the fundamental concept of convergence and divergence sequence in max-plus algebra.

Definition 3.1. [11] Let (𝜂𝑛) be a sequence on R𝜀. (𝜂𝑛) is said to be convergence to 𝜂 ∈ R𝜀 if
∀𝛿 > 0, ∃𝑁 ∈ N such that ∀𝑛 ≥ 𝑁 implies 𝑑 (𝜂𝑛, 𝜂) < 𝛿 and denoted by 𝜂𝑛 → 𝜂 or lim 𝜂𝑛 = 𝜂. A
sequence that is not convergence is said divergence.
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Figure 2. Graphic visualized of the sequence 𝜂𝑛 = 100
𝑛
, 𝑛 ∈ N.

A convergent sequence is inherently connected to the idea of a limit point within its set. More
precisely, a limit point of a set can be defined as a point that serves as the convergence point for at
least one sequence within the set. In other words, the existence of a limit point implies that there is
a sequence in the set that converges to that specific point. This relationship demonstrates the strong
link between the convergence of sequences and the concept of limit points in the context of the set.

Corollary 3.2. Let 𝑐 ∈ 𝐻 ⊆ R𝜀 is considered a limit point of a set 𝐻 if and only if there exists a
sequence (𝜂𝑛) on 𝐻 such that 𝜂𝑛 → 𝑐.

The Corollary 3.2 means that if we have a sequence that convergence, the point that it converges
is a limit point of 𝐴. For example, given a set 𝐴 = [𝜀, 0) with (𝜂𝑛) =

{
−𝑛 9

10

��𝑛 ∈ N
}
. It is clear that

𝜂𝑛 → 𝜀. Easy to check that 𝜀 is also a limit point of 𝐴.
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Figure 3. Graphic visualized of the sequence 𝜂𝑛 = −𝑛 9
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