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ABSTRACT

This study aims to simulate the motion of a damped spring oscillation, modeled by a second-order
ordinary differential equation, using the Finite Difference Method (FDM). The main focus is on im-
plementing the central finite difference scheme to discretize the equation, deriving an explicit iterative
formula, and analyzing the oscillation dynamics and the accuracy of the numerical solution. The
simulation was conducted with specific parameters (mass m = 1.0 kg, spring constant k = 10.0 N/m,
damping coefficient ¢ = 0.5 Ns/m) and various time steps (Ar = 0.5 s,0.1 5,0.01 s). The simulation
results qualitatively show damped oscillatory behavior consistent with physical theory, where the am-
plitude decreases over time. The accuracy of the numerical solution, measured by the Symmetric Mean
Absolute Percentage Error (SMAPE) against the analytical solution, was significantly influenced by
At; the smallest time step (0.01 s) yielded the highest accuracy with a SMAPE of 0.4495%. The Finite
Difference Method proved effective in analyzing the spring oscillation system, demonstrating that the
proper selection of At is crucial for balancing accuracy and computational efficiency.
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1. Introduction

Differential equations play a fundamental role in modeling various physical phenomena and prob-
lems in engineering [1]|. The ability of differential equations to describe the changes and dynamics
of a system makes them an invaluable tool in modern science. One common and important physical
phenomenon to be studied is oscillatory motion, which is a characteristic solution of many systems of
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differential equations [2|. Oscillatory systems, such as pendulum motion (3|, or vibrations in various
structures like a beam on an inclined plane [4], can be found in various contexts. Complex wave
phenomena also exemplify the application of differential equations in physics [5].

Specifically, spring oscillatory motion is one of the fundamental models in physics, often represented
by a second-order ordinary differential equation (ODE) [6]. A thorough understanding of the dynamics
of spring oscillation is crucial, not only from a theoretical standpoint but also for practical applications
in the design of mechanical systems and vibration analysis.

Although the ideal spring oscillation model can be solved analytically to obtain an exact solution,
many real-world oscillatory systems involve more complex factors such as the presence of damping
[2]. Systems with time-varying mass also pose particular challenges for analytical solutions [7|. Non-
linear forms of differential equations also often make the search for an exact solution very difficult or
even impossible [8|. In such situations, numerical approaches become a very important and popular
alternative for obtaining approximate solutions with an acceptable level of accuracy [1].

The Finite Difference Method is one of the numerical techniques that has proven effective and
is widely used to solve various types of differential equations [1|. The fundamental principle of the
Finite Difference Method is to discretize the continuous domain into a finite number of grid points.
Subsequently, the derivatives present in the differential equation are approximated using difference
schemes, which are generally derived from Taylor series expansions [6]. The finite difference approach,
particularly the central difference scheme, has also shown good results in approximating solutions of
higher-order ODEs [8].

Various previous studies have explored the use of numerical methods for the analysis of oscillatory
systems. Among them, the Runge-Kutta method has been used for oscillators with varying mass
[7]. Other research employed the Adams-Bashforth Moulton method to analyze vertical and torsional
oscillations in suspension bridge structures [9]. Furthermore, k-step block methods have also been
applied to solve second-order Ordinary Differential Equations (ODEs) [6]. Additionally, the finite
difference method has been specifically applied to solve the Korteweg-de Vries (KdV) equation [10].
Each of these numerical methods offers different levels of accuracy and computational complexity.

Based on this background, this research aims to perform a numerical simulation of the oscillatory
motion of a spring, modeled by a second-order differential equation, using the finite difference method.
The primary focus of this study is to implement the finite difference scheme for analyzing the dynamics
of spring oscillation and to evaluate the behavior of the resulting numerical solution. The simulation
results are expected to provide a better understanding of the application of the finite difference method
to the spring oscillation system.

2. Research Methods

The methodology of this research follows the systematic steps in the application of the finite
difference method to solve the second-order differential equation in the case of spring oscillation.
Figure 1 shows a flowchart that represents the entire research process from the initial stage to the
analysis of the results.
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Figure 1. Flowchart Visualisasi Osilasi Pegas

2.1. Model and Method Definitions

Focuses on homogeneous second-order ODE (without external force, F(r) = 0) which describes a
damped harmonic oscillator with the following equation [11]:
d*x  dx
— +c—+kx=0 1
Tz T A T (1)
m is the mass of the object (kg)
¢ is the damping coefficient (Ns/m)
k is the spring constant (N/m)
x(1) is the deviation of the mass from the equilibrium position at time ¢ (m)
t is the time (s)

equation 1 above can be solved using numerical methods, one of the numerical methods that can
be used is the Finite Difference Method. In this method, discretization of the time domain is required.
Suppose by dividing the total time interval T to N equal subintervals, with a time step length of
At = T/N. The time at each discrete step is t; = iAt, where i = 0,1,2,...,N. Deviation in time #; is
denoted asx; = x(¢;).

2.2. Numerical Schema Development

Once the fundamental model and method are established, the next step is the development of
a specific numerical scheme. This is the core of the process of translating continuous differential
equations into a discrete form that can be processed computationally. This process begins with the
discretization of the continuous time domain into a series of discrete time points with a time step
interval of (Ar) which is uniform. The derivatives contained in the ODE (first derivative for velocity
and second derivative for acceleration) are then approximated using a finite difference scheme, such as
center difference for better accuracy. These approximated derivatives are then substituted back into
the Governing Differential Equation of the model. Through a series of algebraic manipulations, the
resulting equations are rearranged to derive an explicit iterative formula (as illustrated in Equation
6 in the source study) that allows the calculation of the spring position value at the next time step.
(x;+1) based on the value at the current time step (x;) and before(x;_1).

2.8. Simulation Setup
Before the main computational process is executed, the preparation or setup stage of the simulation

plays an important role to ensure that all conditions and parameters are properly defined. This step
includes determining the initial conditions of the system, i.e, the initial position value.(x¢) and initial
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velocity(vg) of the spring on # = 0. Since the commonly used iterative formulas require two prior
values, the estimate for the position value at the first time step is (x;) is also necessary, often using
approaches such as Taylor series expansion based on initial conditions. In addition, all the physical
parameters relevant to the model, such as the mass of the spring (m), spring constant (k), and damping
coefficient (c), as well as simulation control parameters, including the total simulation time duration
(T) and time step size (At), carefully inputted.

2.4. Numerical Simulation Ezrecution

With all parameters and initial conditions prepared, the numerical simulation execution phase
can begin. In this phase, the iterative formula that has been developed in the numerical scheme
development stage is applied iteratively. This computational process runs step by step, calculating
displacement of the spring (x;) at each discrete time point (z;) from the beginning to the end of the
predefined simulation duration. Each iteration uses the results from one or two previous time steps to
generate a solution at the current time step, effectively tracking the evolution of the spring oscillation
movement over time based on the given mathematical model and parameters.

2.5. Validation and Analysis of Results

Once a numerical solution for the oscillatory motion of a spring is obtained, the next crucial step
is the validation of the accuracy and in-depth analysis of the results. For cases where an analytical
or exact solution of the ODE can be determined (for example, in simple linear systems), this solution
is used as a benchmark standard. A comparison between the numerical solution and the analytical
solution is performed, and the error rate or error is calculated using an appropriate metric, such as
Symmetric Mean Absolute Percentage Error (SMAPE), to quantify the deviation. The simulation
results, both numerical and analytical, are then visualized in the form of graphical plots of position
against time. This visualization facilitates qualitative interpretation of the system behavior and direct
comparison between the two solutions. Further analysis focused on understanding the dynamics of
the resulting oscillations, including investigation of the influence of parameters such as the size of the
time step.(At) on the accuracy and stability of numerical solutions.

Absolute error is defined as the difference between the analytic value (or true value) @ and numerical
values b. SMAPE is used to avoid potential miscalculations when the actual value approaches zero or
is even equal to zero. The SMAPE value is calculated using the following formula [12]:

1 la — b|
SMAPE = -%¥'  ——————
n" =l(a-0)/2

SMAPE is divided into 4 criteria, which can be seen in the Table 1 [13].

(2)

Table 1. Criteria of SMAPE

No SMAPE Value Description
1 < 10% Excellent

2 10% — 20% Good

3 21% - 50% Fair

4 > 50% Poor

2.6. Inference

The final stage of this research is drawing conclusions. This section presents the main results of
the numerical simulations, validation of the analytical solution, and a brief summary of the system
analysis. The effectiveness of the finite difference method in simulating spring oscillations and its
accuracy are also covered in this section. In addition, suggestions for further development or future
research are outlined here.



MUHAMMAD IMAM AL PAQIH, ET AL 195

3. Result and Discussion
3.1. Discretization by Finite Difference Method

In this spring oscillation simulation, the ordinary differential equation governing the system is
solved by approximating the derivatives in the differential equation using the finite difference method,
which can theoretically be derived from the Taylor series expansion. By replacing the exact derivative
with this finite difference approximation, the value of the spring position (x) at discrete points in time
can be estimated. (f;) iteratively throughout the simulation [14].

With the Finite Difference Method, the derivative in the ODE is replaced with a finite difference
approximation. For second-order ODE, the central finite difference approximation is used because
it provides a better order of accuracy (usually of the order of O(At?)) versus forward or backward
difference for the second derivative.
First Derivative Centered finite difference approximation for the first derivative x with respect to ¢ at
the point #; is:

dx  (A1)? dx

Xi+1:X+AtE+ ol ﬁ

dx  (At)? d*x
)Ci_l—x—AtE"l‘ 2' ﬁ

then the two equations above are subtracted.

dx
Xiyl — Xi-1 = QAIE
dx _ Xiy1 = Xi-1
dt 2At
so the first derivative can be written as.
dt t=t: 2At

Second Derivative The center finite difference approximation for the second derivative of x with respect
to t at point #; is:

3 dx (A1) d*x
Xi+1—X+A[E+ ol W

d A1)? d?
xl-_lzx—At—x+( ) dx

e ” 2 dr
then the two equations above are summed up.
(A1)? dx
Xiz1 +Xi_1=2x+2 TR
d>x

Xit+1 + Xj—1 = 2x + (Al’)QE

d2x _ Xitl — 2x; + xi_1
dr2 (Ar)?

so the second derivative can be written as.

d?x Xix1 — 2x; + Xi-1
az|_ - (A1)? )
t=t;
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3.2. Numerical Scheme

Substitute the finite difference approximation (4) and (3) into the ODE model (1):

Xiy1 — 2X; + Xi-1
(At)?

Xi+l — Xi-1 ]

—— | +kx; =0 5
[ 2At ' 5)
It then finds x;41 (the position at the next time step) based on the values at the current (x;) and
previous (x;_1) time steps. he above equation is rearranged to isolate x;11. First, multiply the entire

equation by (Ar)?%:
cAt
m(xip1 —2x; +x-1) + 7(xt+1 —xi-1) + k(A1) ?x; = 0

Group the terms that contain x;41, x;, and x;_1:

(m + %) Xi+1 + (k(At)2 - Qm) x; + (m - CT) xi-1=0

Move tribe x; and x;_; to the right segment:

At At
(m + %)xiu == (k(At)2 - 2m) Xi— (m - C_)xi—l

cAt B 9 cAt
(m + T)xiﬂ = (2m — k(Ar) )xl + (T - m) Xi-1

Thus, the explicit iterative formula for x;,1 is:

(2m — k(AD)?) x; + (CTA’ - m) Xi-1

Xit1 = . CTN (6)

This formula appliestoi=1,2,...,N —1.
3.3. Initial Condition

To start the iteration, two initial values are required: xg and x;. ODE initial conditions are usually
given in the form of initial positions x(0) = xo and initial velocity v(0) = dx/dt(0) = vg. xq already
known. To get x1, special treatment is required. A common approach is to use Taylor expansions or
information from ODE itself on the r = 0. Using the second-order Taylor expansion around ¢ = 0:

1 d%x

dx
At) = —| At+ - —
x(Ar) = x(0) + arl +2 e

t

(Ar)?
t=0

Suppose x(0) = xg and dx/dt(0) = vo. The initial acceleration ag = d%x/dt*>(0) can be calculated from
the ODE (1) at 7 = 0:

cvg + kxg
mag+cvg+kxg=0 = ag=——
m

Then, the approximation for x; is:

(Ar)? (7)

1 [cvg+ kx
xlzxowom__(M)
2 m
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3.4. Visualization

For homogeneous second-order linear ODE with constant coefficients, analytic solutions can be
found. For the case of underdamped, the solution is in the form x(f) = e " (A cos(wgt) + Bsin(wgyt)),
where y = ¢/(2m) and wy = Vk/m — (c¢/2m)%2. Constant A and B determined by initial conditions
[15, 16].

To demonstrate this method, the simulation was conducted with the following parameters: Mass
m = 1.0 kg, Spring Constant k = 10.0 N/m, Damping Coefficient ¢ = 0.5 Ns/m (the underdamped
case), initial position xo = 1.0 m, initial velocity vo = 0.0 m/s, total time T = 10.0 s, and time steps
At =0.5,0.1,0.01 s.

ion of Damped Spring Oscillati (Finite Difference Method) i ion of Damped Spring Oscillation (Finite Difference Method) i ion of Damped Spring Oscillation (Finite Difference Method)

FOM (m=1.0, k=10.0, c=0.5, dt=0.500)
- - - Analytical Solution (Underdamped)

1.0, k=10.0, c=0.5, dt=0.100) FDM (m=1.0, k=10.0, ¢=0.5, dt=0.010)
1 - - - - Analytical Solution (Underdamped)

FDM (m=
0.8 - - - - Analytical Solution (Underdamped)

Position (m)
& o
9

Position (m)
S

Position (m)

Time (s) Time (s) Time (s)

Figure 2. Simulation with a Figure 3. Simulation with a Figure 4. Simulation with a
time step size of 0.5 s time step size of 0.1 s time step size of 0.01 s

The error values for each time step can be seen in Table 2.

Table 2. Comparison of Errors for each Time Step
Step Time SMAPE

0.5 168.9687%
0.1 22.5830%
0.01 0.4495%

The simulation results (Figure 4) are qualitatively consistent with the expected physical behavior
of a damped harmonic oscillator. Oscillation occurs due to the spring’s restoring force (—kx), and
damping occurs due to the frictional force (—c dx/dt), which always opposes the direction of velocity,
thereby removing energy from the system and causing the amplitude to decrease.

According to Table 2, the accuracy of the Finite Difference Method depends on Af. Smaller time
steps yield more accurate solutions. However, an excessively small At will increase computation time.
Conversely, an excessively large At can lead to inaccuracies or even numerical instability.

If ¢ is increased, the amplitude will decrease more rapidly. Simulations with different values
of ¢ will show the transition from underdamped (c < Vmk) to critically damped (¢ = Vdmk) and
overdamped (c > V4dmk). If ¢ = 0, the simulation will produce simple harmonic oscillation with a
constant amplitude.

4. Conclusions

This study successfully demonstrated the numerical simulation of spring oscillation using the Fi-
nite Difference Method, which qualitatively captured the physical behavior of the dynamics of damped
oscillation, wherein oscillation is caused by the restoring force and damping reduces the amplitude.
The accuracy of the numerical solution, validated against the analytical solution and measured using
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SMAPE, was found to be significantly influenced by the time step size (Ar), with smaller Ar values
yielding higher accuracy but with the potential for increased computational load, while large At values
can lead to inaccuracies. This study also confirmed the transition in the behavior of the oscillating
system due to variations in the damping coefficient. Overall, the Finite Difference Method proved
effective for analyzing spring oscillation systems, providing valuable insights for theoretical and prac-
tical applications in mechanical systems and vibration analysis, as well as opening avenues for further
research on more complex numerical schemes or non-linear oscillation models.
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